In this paper, we introduce some Cesàro-type difference sequences spaces defined over a real linear n-normed space and investigate the spaces for completeness under suitable n-norm in each case. Relevant relations among the classes of sequences are examined. We also introduce the notion of n-BK-spaces and show that the spaces can be made an n-BK-space under certain condition. Further, we compute the Köthe-Toeplitz duals of the spaces, wherever possible within the scope of the research of this article. MSC: 40A05; 46A20; 46D05; 46A45; 46E30
Introduction
The studies of linear transformation on sequence spaces are called summability. The earliest idea of summability theory was perhaps contained in a letter written by Leibnitz to Wolf (), in which the sum of the oscillatory series -+-+----as given by Leibnitz was   . Studies on sequence space were further extended through summability theory. Summability theory, or in short summability, is the theory of the assignment of limits, which is fundamental in analysis, function theory, topology and functional analysis.
Throughout w, ∞ , p , l  , c and c  denote the spaces of all, bounded, p-absolutely summable, absolutely summable, convergent and null sequences x = (x k ) with complex terms, respectively.
The zero element of a normed linear space (n.l.s.) is denoted by θ . A complete n.l.s. is called a Banach space. p ( < p < ∞) denotes the space of all complex sequences such that k |x k | p < ∞, called as the space of p-absolutely summable sequences. The space p for p ≥  is complete under the norm defined by
For  < p < , p is a complete p-normed space, p-normed by x = ∞ k= |x k | p .
A BK-space (introduced by Zeller []) (X, · ) is a Banach space of complex sequences x = (x k ), in which the co-ordinate maps are continuous, that is, |x n k -x k | → , whenever x n -x →  as n → ∞, where x n = (x n k ) for all n ∈ N and x = (x k ). Let (X, · ) be a normed linear space, and λ is a scalar-valued sequence space, then the vector-valued sequence space or X-valued sequence space λ(X) is defined as λ(X) = {(x k ) : x k ∈ X for all k ∈ N and x k ∈ λ}. ©2013 Dutta; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. http://www.advancesindifferenceequations.com/content/2013/1/286
Clearly, λ(X) is a linear space under coordinate wise addition and scalar multiplication over the field of scalars of X.
Similarly, if X is a Banach space, then p (X) ( = p < ∞) is a Banach space with the norm given by x = (
The Cesàro means (also called Cesàro averages) of sequence {a n } are the terms of sequence {c n }, where c n = n i= a n is the arithmetic mean of the first n elements of {a n }. This concept is named after Ernesto Cesàro. It is known that if {a n } converges to l, then {a n } also converges to the same limit. This means that the operation of taking Cesàro means preserves convergent sequences and their limits. This is the basis of taking Cesàro means as a summability method in the theory of divergent sequences. If the sequence of the Cesàro means is convergent, the series is said to be Cesàro summable. There are certainly many examples, for which the sequence of Cesàro means converges, but the original sequence does not. For example, sequence {a n } = {(-) n } which is Cesàro summable to .
The Cesàro sequence spaces
have been introduced and studied by Shiue [] , and it was observed that p ⊂ Ces p ( < p < ) is strict, although it does not hold for p = . Nag and Lee [] defined and studied the Cesàro sequence space X p of non-absolute-type as follows:
Orhan [] defined and studied the Cesàro difference sequence spaces X p ( ) and X ∞ ( ) by replacing x = (x k ) with x = ( x k ) = (x k -x k+ ), k = , , . . . and showed that for  ≤ p < ∞, the inclusions X p ⊂ X p ( ) and X ∞ ⊂ X ∞ ( ) are strict. In fact, Orhan [] used C p instead of X p ( ) and C ∞ instead of X ∞ ( ).
Further, Orhan [] defined and studied the following sequence spaces: i.e.,
and
where
For uniformity of the literature, henceforth, we shall write C p instead of X p and C ∞ instead of X ∞ .
For some useful works on Cesàro-type summable spaces, we refer to [-] . Let E and F be two sequence spaces. Then the F dual of E is defined as
For F = l  , the dual is termed as α-dual (Köthe-Toeplitz dual) of E and denoted by E α . If
For initial and useful works on the notion of Köthe-Toeplitz duals, we refer to [-].
Let n ∈ N and X be a real vector space of dimension d, where n ≤ d. A real-valued function ·, . . . , · on X n satisfying the following four conditions:
. . , x n is called an n-norm on X, and the pair (X, ·, . . . , · ) is called an n-normed space.
A trivial example of an n-normed space is X = R n equipped with the following Euclidean n-norm:
Gunawan [] showed how we can actually define an n-inner product and, accordingly, an n-norm on any inner product space provided the dimension is sufficiently large as follows: http://www.advancesindifferenceequations.com/content/2013/1/286
Let n ∈ N and (X, ·, · ) be a real inner product space of dimension d = n. Define the following function ·, . . . , ·|·, · on X × · · · × X (n +  factors) by
Then one may check that this function satisfies the following five properties:
For n = , we know that · is a norm, while for n = , ·, · defines a -norm. Note further that for n = , x  gives the length of x  , while for n = , x  , x  represents the area of the parallelogram spanned by x  and x  . For n =  and X = R  , one may observe that x  , x  , x  is nothing but the volume of the parallelepiped spanned by x  , x  and x  , that is,
Sequence (x k ) in an n-normed space (X, ·, . . . , · ) is said to be Cauchy with respect to the n-norm if
If every Cauchy sequence in X converges to some L ∈ X, then X is said to be complete with respect to the n-norm. Any complete n-normed space is said to be n-Banach space.
For some relevant works on -normed structure and its extension to n (≥ )-normed structure and subsequent applications, one may refer to [-] 
and  x k = x k for all k ∈ N , which is equivalent to the following binomial representation:
Definitions and preliminaries
Let (X, ·, . . . , · ) be an n-normed real linear space, and w(n -X) denotes X-valued sequence space. Let m be a non-negative integer and  ≤ p < ∞, then we introduce the following sequence spaces for every non zero z  , . . . , z n- ∈ X:
We procure the following result, which will help us in establishing the results of this article. 
Lemma . (Tripathy, Esi and Tripathy
(ii) The space O p is a Banach space, normed by
The space p is a Banach space, normed by
The space C ∞ is a Banach space, normed by
(ii) The space O ∞ is a Banach space, normed by
Definition . An n-BK-space (X, ·, . . . , · ) is an n-Banach space of real sequences x = (x k ) in which the co-ordinate maps are continuous.
Construction of n-norms and relevant properties
In this section, we construct n-norms on the introduced spaces of previous section and investigate the spaces for completeness and some relations among them. The proof of the following result is a routine verification. 
Proposition . The classes of sequences
. . , x n are linearly dependent and
Proof It is a routine verification that the spaces
. . , · ) are n-normed spaces under the n-norm, defined as above.
Here, we prove the completeness for the space C ∞ ( m , ·, . . . , · ), and for the other spaces, it will follow on applying similar arguments.
Let ε >  be given. Then there exists a positive in-
for all s, t ≥ n  and for every z  , . . . , z n- ∈ X. 
Again, using the continuity of n-norm, we find that for every z  , . . . , z n- ∈ X
Hence, for every z  , . . . ,
is a linear space, so we have for all s ≥ n  ,
Hence, C ∞ ( m , ·, . . . , · ) is complete and as such is an n-Banach space. Proof The proof is obvious in view of the previous theorem.
, and the inclusions are
, and the inclusions are strict.
Proof The proof is easy, so it is omitted. 
Proof The proof is easy, so it is omitted.
Computation of the Köthe-Toeplitz duals
In order to compute Köthe-Toeplitz dual, we first define the following. An n-functional is a real-valued mapping with domain A  × · · · × A n , where A  , . . . , A n are linear manifolds of a linear n-normed space. Let F be an n-functional with domain A  × · · · × A n . F is called a linear n-functional whenever for all  a  ,  a  , . . . ,  a n ∈ A  ,  a  ,  a  , . . . ,  a n ∈ A  , . . . , n a  , n a  , . . . , n a n ∈ A n and all α  , . . . , α n ∈ R, we have
. . , a n ). Let F be an n-functional with domain D(F). F is called bounded if there is a real constant K ≥  such that |F(a  , . . . , a n )| ≤ K a  , . . . , a n for all (a  , . . . , a n ) ∈ D(F). If F is bounded, we define the norm of F, F by F = glb K : F(a  , . . . , a n ) ≤ K a  , . . . , a n for all (a  , . . . , a n ) ∈ D(F) .
If F is not bounded, we define F = +∞.
It is easy to check the following two results. In this context, one may refer to George []. Proof The proof is trivial.
Proposition . A linear n-functional F is continuous if and only if it is bounded.

